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This works uses a simplified Monte Carlo process to assess the satellite collision 
probability computations of various methods and to obtain a preliminary estimate on their 
bounds of utility.  The process starts with a simple two-body analytical propagation of the 
position and velocity vectors and their associated 6x6 covariance from epoch to the time of 
closest approach (TCA).  Each object is assumed spherical and a time span is set about the 
initial TCA to bound the results.  No assumptions are made regarding the constancy or 
direction of the relative velocity over the encounter’s time span.  The epoch vectors are 
randomly perturbed in accordance with the initial covariance matrix values and a collision 
determination made if the relative distance at any time in the span is equal to or less than the 
combined object radius.  Two statistical bounding criteria are used to determine the 
minimum number of cases needed.  The Monte Carlo results are then compared to 
probability computations that use the unperturbed orbital data at TCA.  This particular 
work does not attempt to simulate real-world perturbations such as atmospheric drag 
and/or various gravity fields, but rather assures the consistency of the Gaussian process 
from epoch to closest approach point for the chosen force model.  Because no unique or 
complicated force models are used the results can be easily repeated and independently 
validated.   
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Nomenclature 
C3 = 3x3 combined positional covariance matrix 
C6 = 6x6 position/velocity covariance matrix 
dt = time step 
ECI = Earth Centered Inertial frame 
erf = error function 
f = Patera’s aspect ratio 
fpt = fractional probability threshold 
m = combined covariance ellipsoid scale factor 
n = number of independent Monte Carlo trials 
  alternately the number of radial or circumferential divisions 
OBJ = cross-sectional radius 
P = probability 
P̂  = estimated probability from Monte Carlo simulation 
PT = True probability 
r = relative distance vector 
R = radius of torus (alternately Patera’s distance to combined object center) 
TCA = time of closest approach 
ti = start time 
tf = end time 
V = swept out volume of collision tube 
xm = rotated x position of combined object center 
ym = rotated y position of combined object center 
α = angle between the object’s distance vector and the covariance ellipse’s x axis 
δ = Statistical confidence parameter 
ε = Statistical error measure (alternatively Patera’s covariance-centric angle)  
Φ = error state transition matrix 
ρ = combined object radius 
σ = standard deviation 
θ = object-centric angle 
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I. Introduction 
 There are numerous methods in use for computing satellite collision probability (COLA) where the relative 
motion is assumed linear1-7.  The relative speed and accuracy of these methods have been compared in a previous 
work8.  Such methods perform their analysis with the objects modeled as spheres, thus eliminating the need for 
attitude information.  Their relative motion is considered linear for the encounter by assuming the effect of relative 
acceleration is dwarfed by that of the velocity.  The positional errors are assumed to be zero-mean, Gaussian, 
uncorrelated, and constant for the encounter.  The relative velocity at the point of closest approach is deemed 
sufficiently large to ensure a brief encounter time and static covariance.  The cumulative collision probability P is 
found by integrating the three-dimensional, Gaussian, relative position density over the volume V (collision tube) 
that is swept out by the combined hardbody of the two space objects over a specified time interval (ti, tf) 
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The probability density in the bracketed section is conveniently represented in the diagonal frame of the relative 
position-error covariance matrix.  The definition of the integration volume V(ti, tf) is the most complicated aspect of 
evaluating Equation 1.  Coupled with object sizes, the encounter region determines the limits of integration.  The 
region is defined when one object is within a standard deviation (σ) combined covariance ellipsoid shell scaled by a 
factor of m.  This user-defined, three-dimensional, m-σ  shell is centered on the primary object; m is typically in the 
range of 3 to 8 to accommodate conjunction possibilities ranging from 97.070911% to 99.999999%. 
 The assumption of linear relative motion may not be valid in all cases.  Chan6 and Alfano14 proposed test criteria 
for nonlinearity.  Chan9, Patera10, Alfano11,14, and McKinley12 proposed different methods for calculating collision 
probability for such instances.  Nonlinear motion is typically associated with long-term encounters which imply the 
covariance can no longer be assumed static.  The collision tube will not be straight, invalidating the simple 
dimensional reduction used for linear motion.  The size of the m-σ shell must also be carefully considered, 
especially if the relative motion reverses direction during the encounter. 

This paper assesses the satellite collision probability computations of several of the aforementioned methods.  A 
simple two-body analytical propagator is used to move the position and velocity vectors and their associated 6x6 
covariance from epoch to the time of closest approach (TCA).  A time span is set about the initial TCA to bound the 
results.  The epoch vectors are randomly perturbed in accordance with the initial covariance matrix and a collision 
determination made if the relative distance at any time in the span is equal to or less than the combined object 
radius.  A statistical bounding criterion is used to determine the minimum number of cases needed.  The Monte 
Carlo results are then compared to probability computations that use the unperturbed orbital data at TCA.  There is 
no attempt made to simulate real-world perturbations such as atmospheric drag and/or various gravity fields.  This 
analysis is simply meant to demonstrate the consistency of the Gaussian process from epoch to closest approach 
point for the chosen force model.   

For linear relative motion, Patera’s and Alfano’s methods are assessed.  The Patera7 model is based on a one-
dimensional probability density function (pdf) and is formulated as a line-integral.  Its evaluation is performed 
numerically by taking short line segments around a closed contour.  The Alfano6 model is also based on a one-
dimensional pdf expressed as two error functions and one exponential term.  It is numerically evaluated using well-
developed software for error functions. 

For nonlinear relative motion three methods are assessed.  The first adjoins right cylinders (tubes) in Cartesian 
space using an extension of Patera’s linear method.  For each time step the tube sections are sufficiently small 
enough so that, over the interval, the relative motion can be assumed linear and the covariance constant.  At every 
time step the objects, their positions, and their covariances are transformed to the primary object’s body frame and 
the tube section’s probability is calculated.  Adjoining right cylinders may produce gaps and overlaps where the tube 
sections meet.  The second method addresses these gaps and overlaps by representing each tube section as a bundle 
of abutting parallelepipeds14 of differing lengths to create a compound miter with the neighboring tube.  This is 
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accomplished by incorporating the error functions of Alfano’s method.  The third method uses voxels11 to model the 
combined object as it travels through the tube. 
 
 

II. Monte Carlo Methodology 
The Monte Carlo process in this analysis requires a six-by-six position/velocity covariance matrix for each 

satellite at their respective epochs.  The procedure first determines the rotation matrix that diagonalizes the 
covariance matrix.  The standard deviations from the diagonal matrix are used to randomly produce six perturbations 
which are then rotated back to the original frame and added to the epoch states.  In a manner similar to Chao15 these 
perturbed states are propagated about a time spanning the TCA as set by the user.  For this study the span is one-
quarter of the primary object’s orbital period forward to one- quarter back from TCA.  A collision determination is 
made if the relative distance at any time in the span is equal to or less than the combined object radius.  To 
accomplish this, relative distance interpolation is performed using the ANCAS16 method of localized cubic 
polynomials.  Two statistical bounding criteria are used to determine the minimum number of cases needed.  No 
assumption is made regarding the constancy or direction of the relative velocity over the encounter’s time span, so 
this Monte Carlo process applies to nonlinear relative motion as well as linear.  

A. Bounded Random Sampling 
We wish to validate how random variations of the epoch states affect our conjunction assessment.  To 

accomplish this we can analyze uncertainty propagation using a Monte Carlo method by comparing our computed 
probability with a sufficient ensemble of sampled estimates.  First, we assume that deviations to the initial states are 
randomly distributed, Gaussian, zero mean, and shaped by the epoch covariance.  Second, we must characterize the 
number of random realizations required to infer the global statistics of the parameter space.  The works of 
Chernoff18, Hoeffding19, and Dagum et al20 provide that characterization.  What follows are two ways to determine 
how many non-adaptive (random) sets of variations are needed to ensure a specified quality of answer. 

Chernoff showed that an upper bound can be determined for the probability that an event in a random sample 
differs significantly from the true probability of the event.  Hoeffding extended Chernoff’s work by providing a 
more general bound on how the sample mean of independently and identically distributed random variables deviates 
from the actual mean. 

We wish to find the probability that the Monte Carlo aggregated, multiple-realization, probability estimate  is 
close to the true conjunction probability PT for n number of independent random trials.  The desired level of 
absolute error (accuracy) is represented by ε where (0 < ε < 1).  Hoeffding showed that  

P̂
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We wish to know how reliably our ensemble of Monte-Carlo simulations approximates the true solution.  To do this 
we set a confidence level of (1-δ) such that  

 

∧
P P PT− ε≤( ) 1 δ−>

∧
P P PT− ε≤( ) 1 δ−>

         
0 δ< 1<( )

 (3) 

The left side of the equation is then represented by component parts  
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Substitution of the Hoeffding inequalities yields 
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which leads to the general expression 
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In summary, the Chernoff-Hoeffding bound can be used to determine a sufficient number of Monte Carlo 
simulations (n) required to achieve a given accuracy (ε) with a confidence level of (1-δ).  This result is not specific 
to satellite conjunction analysis and can be applied to any problem where statistical sampling is used to approximate 
solutions to quantitative problems.  As an example, to meet a 1% relative accuracy for a PT of 0.3 (ε=0.003) with a 
95% confidence level (δ=0.05), at least 204,938 independent, random simulations are needed.  Figure 1 is provided 
for the reader’s convenience to determine a sufficient number of runs for a given probability using this bounding 
method.  The number of samples required to guarantee high confidence is inversely proportional to the square of 
actual probability.  Therefore, a small true probability will require a large number of samples to achieve a specific 
confidence level.   

Dagum et al20 determined that the number of samples could be significantly reduced under certain conditions.  
With knowledge of the expected value of PT but not its variance, if  
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then the upper bound can be represented by 
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For small values of ε the condition is easily satisfied when PT is not near one.  As seen in Figure 1, the number of 
samples required to guarantee high confidence becomes inversely proportional to the actual probability.  Dagum 
bounding criteria can be used if the true probability can be estimated apriori. 
 

B. Propagation  
Two-body analytical propagation of position, velocity, and covariance is done using universal variables as 

explained in Herrick17.  The six-by-six covariance C6 is propagated in a single step through the equation  

 
C6 t( ) Φ t( ) C6 t0( )⋅ Φ t( )T⋅

 (9) 
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The error state transition matrix (Φ) is described by Vallado13 and consists of the partial derivatives of the state 
at time t with respect to the epoch at t0.  
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where each of the elements in Equation 10a is a three-by-three matrix, e.g., 
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The analytical partial derivatives for the above expressions are also defined in Herrick.  If desired, one can extend 
this method by using detailed force models in determining these equations with analytical or numerical methods.  To 
ensure consistency, the exact models that are used to propagate the orbit must be used to determine the partial 
derivatives that make up the error state transition matrix. 

C. Collision determination 
 A collision determination is made if the relative distance at any time in the span is equal to or less than the 
combined object radius.  To accomplish this, relative distance interpolation is performed using the ANCAS16 
method of localized polynomials.  An ephemeris for each satellite is generated over the desired time span in 
increments small enough to ensure sub-meter accuracy.  A step size of 10 seconds was deemed adequate for GEO, 5 
seconds for MEO and 1 second for LEO.  The resulting ephemerides are differenced to create a table of relative 
distances that are evenly spaced in time. 
 Starting from the unperturbed TCA, four consecutive distances are examined to check if a minimum has 
occurred in this initial sub-interval.  If so, the ANCAS routine computes the minimum distance.  If not, then a 
determination is made whether to increment or decrement time to cause the distance to decrease.  Each new value is 
compared to the previous; if the distance begins to increase, the last four consecutive distances are fed to the 
ANCAS routine.  If the resulting minimum distance is less than or equal to the combined object radius then a hit is 
recorded. 

D. Implementation 
 Three-dimensional position and velocity data of each object, as well as their six-by-six covariance matrices, are 
required with the assumption that all starting data are in the Earth Centered Inertial (ECI) frame.  Suitable 
incremental limits should be set for the intermediate time step (dt) with the user specifying the computational 
stopping condition in terms of time span to/from TCA.  The computational algorithm is as follows. 

Initially propagate both satellites to determine the unperturbed Time of Closest Approach (TCA) 
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For each satellite create a series of perturbed ephemerides: 
 - Determine the six-by-six rotation matrix to diagonalize the epoch covariance matrix  
 - Randomly assign six perturbations based on the standard deviations of the diagonal covariance matrix 
 - Apply the inverse rotation to the perturbations and add to the original epoch position and velocity 
 - Generate an ephemeris according to user-defined time span about unperturbed TCA  
 - Store the ephemeris 
 - Repeat as many times as necessary (at least the square root of the number of desired samples n) 
 
Begin Monte Carlo assessment for each pairing of the two sets of stored ephemerides 
 - Difference the ephemerides at TCA and determine relative distance D(TCA) 
 - Difference the ephemerides at (TCA-dt) and determine relative distance D(TCA-dt) 
 - Difference the ephemerides at (TCA-2dt) and determine relative distance D(TCA-2dt) 
 - Determine time step direction to reduce next distance based on trend of computed distances 
 - If direction is positive then compute D(TCA+dt), else compute D(TCA-3dt) 
 - Continue moving in this direction until new distance is greater than previous distance 
 - Use ANCAS and last four consecutive distances to determine minimum distance 
 - If minimum distance is less than or equal to the combined hardbody radius then record hit 

 
 

III. Methods Tested 
 A total of five methods were compared to the Monte Carlo results.  Two of the methods were originally 
developed to compute collision probability for short-term encounters between space-borne objects.  The model 
developed by Patera7 is based on a one-dimensional pdf and is cast in the form of a line integral.  Its evaluation is 
performed numerically by taking short line segments around a closed contour.  The Alfano6 model is also based on a 
one-dimensional pdf expressed as two error functions and one exponential term and is numerically evaluated. 
 Two of the methods for long-term (nonlinear) encounters involve breaking the relative path into sufficiently 
small tubes or parallelepipeds such that the sectional motion is nearly linear, computing the linear-motion 
probability associated with each section, and then summing.  The first of theses methods considers each tube to be 
cylindrical with its ends perpendicular to its axis; this does not account for gaps or overlaps of abutting cylinders.  
The second method is more complex, using bundled, rectangular parallelepipeds to eliminate these gaps and 
overlaps by treating the junctions as compound miters while incorporating probability density variations.  The third 
method sections the probability density space into sufficiently small units of volume11 (voxels) where the probability 
of each voxel touched by the object is summed to produce the overall collision risk. 
 In addition, a test for linearity14 is implemented.  A fractional probability threshold of 1% is chosen and the 
approximate minimum relative velocity is found that ensures sufficiency.  The threshold is compared to the actual 
fraction relating linear to nonlinear probability.  For the nonlinear cases, the minimum relative velocity should 
exceed the actual.  All test input data and results are contained in Appendix A. 

A. Testing for linearity 
This test14 determines when the relative motion is sufficiently linear.  This is done by finding the approximate 

minimum relative velocity needed at the time of closest approach (TCA) to ensure that a pre-specified probability 
difference will not be exceeded either forward or backward in time while the m-σ shell is traversed.  The user 
defines a fractional probability threshold (fpt) that is within accuracy requirements for intended operations; fpt is the 
absolute difference between the linear and nonlinear results divided by the linear results.  Initially a coarse 
assessment is performed only on the covariance growth using simple, two-body, orbital dynamics to approximate the 
bounds of linear motion based on the threshold fpt.  This bounding is followed by a refined assessment using the full 
force models to predict relative orbital motion and covariance changes.  The minimum relative velocity is then 
determined to ensure the fractional probability threshold will not be exceeded.  The linear motion assumption is 
valid if the encounter’s relative velocity exceeds the minimum.  This test should be done for each and every 
conjunction as it does not produce an all-encompassing, one-size-fits-all, minimum velocity. 
 

B. Patera’s Method  
 Patera7 developed a mathematically equivalent model to Equation 1 as a one-dimensional line integral where r is 
the distance to the hardbody perimeter and ε  is the covariance-centric angular position measured from the x-axis.  
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The probability density is symmetrized enabling the two-dimensional integral to be reduced to a one-dimensional 
path integral, resulting in the expression 
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where P is the collision probability and σ is the symmetrized position error standard deviation (σx). 
 Patera then improved his method by switching the integration variable to center it on the object.  He oriented the 
frame to place the combined object center at (R, 0) with α defining the angle between the object’s distance vector 
and the covariance ellipse’s x axis.  He again symmetrized the space using σx. and defined θ as the object-centric 
angle.  The reformulation reduced intermediate complexities and also resulted in substantially fewer integration 
steps to achieve a given level of accuracy.  This improved, object-centric method is expressed in integral form as  
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where ρ is the combined object radius, f is the ratio of the covariance matrix’s σx to σy, and r2 is expressed as  
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Simple numerical methods require only two sine and two cosine evaluations regardless of the number of integration 
steps. 

C. Alfano’s Method  
 Alfano6 developed a series expression to represent Equation 1 as a combination of error (erf) functions and 
exponential terms.  In the encounter plane, the combined object center’s location is (xm, ym) with associated 
standard deviations σx and σy and combined object radius OBJ.  The series expression is given as 
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The method then breaks the series into m-even and m-odd components and makes use of Simpson’s one-third rule.  
An expression to determine a sufficiently small number of terms is given as 
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with a lower bound of 10 and upper bound of 50.  
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D. Method of Adjoining Cylinders  
 The method of adjoining right cylinders14 begins with object position and velocity data at the time of closest 
approach.  Propagation is done forward/backward in time until a user limit is reached as previously described.  For 
each time step the tube sections should be sufficiently small enough so that, over the interval, the relative motion can 
be assumed linear and the covariance constant.  For each section, a two-dimensional probability is computed by 
projecting the combined object shape onto a plane perpendicular to the relative velocity.  In addition, a one-
dimensional probability is computed along the relative velocity vector by determining the component position from 
the mean at each end of the tube and then dividing by the standard deviation for that axis, thus producing each 
endpoint’s Mahalanobis distance.  The product of these probabilities yields the sectional probability.  All sectional 
probabilities are summed until the time and/or sigma limit is reached.  The probability of each cylinder is 
determined by multiplying the two-dimensional linear-motion probability by the sectional (relative velocity axis) 
probability.  For this study Patera’s linear-motion probability model7 was used for each section. 

The tubes have no gaps when dealing with linear relative motion.  For such cases, the nonlinear results should 
match the linear-motion probability for constant covariance.  As seen in Figure 2, nonlinear motion causes gaps and 
overlaps where the tube sections meet.  The amount of error will vary based on the degree of bending/overlap 
relative to probability density. 

E. Method of Bundled Parallelepipeds  
 The cylinders described in the previous section are replaced by bundles of abutting parallelepipeds14.  Each 
parallelepiped end is adjusted to form a compound miter where neighboring tubes meet, thereby reducing gaps and 
overlaps.  The approach that follows applies to all relative motion and is coupled with a modified error-function 
method6 to allow any object shape.  As before the method begins with object position, velocity, and covariance data 
at TCA.  Propagation is done forward/backward in time until a user limit is reached.  For each time step the tube 
sections are sufficiently small enough so that, over the interval, the relative motion can be assumed linear and the 
covariance constant.  The probability of each parallelepiped is computed and summed to obtain the overall 
probability of the tube section.  All sections are summed to produce the overall encounter probability. 

F. Method of Voxels11  
 The complete spherical object is transformed into Mahalanobis space at discrete times while assuring that the 

time increment is sufficiently small so that no volume units are skipped between time frames.  An assessment is then 
made to determine what voxels are contained within the combined, transformed, translated object.  If any of those 
voxels were contained in previous iterations, they are eliminated from further consideration because they have 
already been accounted for.  The probabilities of the remaining (new) voxels are computed and added to the running 
probability total.  In the absence of motion in this space, no new voxels are added and only the initial voxels occupy 
the space. 

G. Instantaneous Probability  
In addition to cumulative probability, the instantaneous probability is also provided by the voxel method.  The 

cumulative probability can never be less than the instantaneous, so the maximum instantaneous probability over the 
time interval should be used as an absolute lower bound.  If any of the methods produce a number below this then 
there is a violation of the assumptions on which the method is based; the relative motion and/or the intermediate 
tolerances are insufficient to support the computation.   

Each method uses a different shape (right cylinder, parallelepipeds, and sphere modeled as small cubes) to 
represent the collision tube.  For proper comparison the effect of these shapes must be accounted for or eliminated at 
the beginning and end of the time span.  One way to address this is to begin and end the time span in a region of 
very low probability density so that these differences will be inconsequential in the overall calculation and 
subsequent comparison.  If the instantaneous probability is very near zero at these times, then the results can be 
properly compared.   
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IV. Conclusion 
 
A simplified Monte Carlo process was employed to assess the satellite collision probability computations of 

various methods.  No assumptions were made regarding the constancy or direction of the relative velocity over the 
encounter’s time span.  Two statistical bounding criteria were used to determine the minimum number of cases 
needed.  The Monte Carlo results were compared to probability computations that use the unperturbed orbital data at 
TCA.  No attempt was made to simulate real-world perturbations such as atmospheric drag and/or various gravity 
fields.  Because no unique or complicated force models were used the results can be easily repeated and 
independently validated.   

Three requirements had to be met to equitably compare the results and assure no corresponding assumptions 
were violated.  Because each method uses a different shape (right cylinder, parallelepiped, or sphere represented by 
small cubes) it was necessary to begin and end the time span in a region of very low probability density so that these 
differences would be inconsequential in the overall calculation and subsequent comparison.  If the change in 
cumulative probability over time was very near zero at both ends of the time span, then the first requirement was 
satisfied.   

Each method tested had limiting assumptions on which it was based.  Gaps, overlaps, and slight 
misrepresentation of combined object shape in the probability density space all contribute differently to 
computational error.  Preliminary results indicated that the adjoining cylinder method may result in greater than 5% 
error when the relative velocity is below 0.05 m/s, the parallelepiped method may result in greater than 5% error 
when the relative velocity is below 0.005 m/s and the voxel method may result in greater than 5% error when the 
relative velocity is below 0.0005 m/s; these comprise initial estimates regarding the bounds of utility.  If the relative 
velocity for a prescribed method met or exceeded the corresponding minimum, then the second requirement was 
satisfied. 

Lastly, the result of any cumulative method should never be less than the maximum instantaneous probability.  If 
so, then this was an indicator that an assumption had been violated or a limit exceeded.  If the cumulative probability 
for a prescribed method equaled or exceeded the maximum instantaneous probability, then the third requirement was 
satisfied.   

The test cases involved linear and nonlinear relative motion for satellites in geosynchronous orbits (GEO) and 
low earth orbits (LEO), as well as nonlinear relative motion for highly-eccentric orbits (HEO).  Two cases involved 
no relative motion whatsoever.  The tests were designed to showcase differences due to object size variation and to 
demonstrate the evolution of cumulative probability with respect to various combinations of covariance shape, 
orientation, and relative motion.  In addition, several tests pushed the methods beyond their bounds or assumptions. 
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Figure 1. Chernoff-Hoeffding (C-H) versus Dagum (D) Bounding 

1% and 5% relative error with 95% confidence. 
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Figure 2. Tube Sections for Nonlinear Relative Motion Track. 
Nonlinear motion causes gaps and overlaps where the tube sections meet. 
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Appendix A – Test cases 
 
 Two Monte Carlo simulations were performed for each test case.  With the exception of Case 7, the first 
simulation used one million random combinations and the second used 100 million.  The Chernoff-Hoeffding and 
Dagum bounds were then determined based on the results of the larger simulation.  It is inferred that the Monte 
Carlo result is a reasonable apriori estimate of the true probability if the bound is less than the number of trials in the 
larger simulation.  All but one of the test cases were crafted in such a way to produce Monte Carlo results with 
probabilities greater than 0.001; this ensured the adequacy of 100 million simulations for 1% error with 95% 
confidence using the Dagum bound.  For Case 7 it was important to simulate one billion random combinations.  The 
probability obtained from the larger simulation was used to reference the results of the various methods tested as 
well as to examine the difference in results for the lesser simulation. 
 The Fractional Probability Threshold was set to 0.01 for all cases.  If the difference between linear and 
nonlinear results were above 1%, then it was expected that the minimum velocity computed from the linearity test 
would exceed the actual minimum velocity at TCA.  For convenience, the actual fractional probability was also 
computed to determine if the threshold was exceeded. 
 The number of radial or circumferential divisions (n) was set to 50 and 100 for most cases to determine how the 
answer varies with differing divisions of the combined object.  For Case 5 it was necessary to increase this number 
when using Patera’s method in accordance with his recommendations.  Only the linear and adjoining right cylinder 
calculations were effected; for Case 5 only those results were shown with the higher value of n. 
 Each method has limiting assumptions on which it is based.  Gaps, overlaps, and slight misrepresentation of 
combined object shape in the probability density space all contribute differently to computational error.  Preliminary 
results indicated that the adjoining cylinder method may result in greater than 5% error when the relative velocity is 
below 0.05 m/s.  Because the parallelepiped method reduces the gaps and overlaps of the previous method, the 
method may result in greater than 5% error when the relative velocity is below 0.005 m/s.  Finally, preliminary 
results showed that the voxel method may result in greater than 5% error when the relative velocity is below 0.0005 
m/s.  
 A Cumulative Probability Chart derived from the voxel method is included for each case to aid in understanding 
how the probability evolved over the given time span.  Typically the along-track uncertainty grows quicker than the 
other two dimensions and causes an elongation of the positional covariance ellipsoid along the velocity vector.  The 
nonlinear relative motion may cause the conjuncting object to pass through regions of comparable probability 
density more than once in the time span; this can cause the slope of the cumulative probability curve to change and 
can even result in intermediate level offs.  Because each method uses a different shape (right cylinder, 
parallelepiped, or sphere represented by small cubes) it is necessary to begin and end the time span in a region of 
very low probability density so that these differences will be inconsequential in the overall calculation and 
subsequent comparison.  If the change in cumulative probability over time is very near zero at both ends of the time 
span, then this requirement is satisfied.  Equivalently this requirement is satisfied if the instantaneous probability is 
very near zero at these times.  The reader is alerted that although zero instantaneous probability will produce zero 
slope, the converse is not always true.  This is shown in Case 9 where both cumulative and instantaneous 
probabilities are displayed. 
 Maximum instantaneous probability over the time span is also provided for each case.  The result of any 
cumulative method should never be less than the maximum instantaneous probability.  If so, then this is an indicator 
that an assumption has been violated or a limit exceeded.  This is demonstrated in Case 8 where the adjoining 
cylinder method produces results below the maximum instantaneous probability. 
 Position, velocity, and associated covariance data are provided for each case at epoch and also at the Time of 
Closest Approach.  In Cases 11 and 12 there is no relative motion and therefore no closest approach; for those cases 
the TCA was arbitrarily set to one day after epoch.  
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Case 1 
 
This case involves nonlinear relative motion for two satellites in geosynchronous orbits (GEO) where the mean 

miss distance at TCA is less than the combined object radius.  There is over a 30% difference between the linear and 
Monte Carlo results.  Based on the Fractional Probability Threshold of 0.01 the relative velocity at TCA is about an 
order of magnitude below what would be needed to drive the difference between linear and nonlinear results below 
1%.  Less than 16,000 Monte Carlo runs are needed for the results to be considered statistically significant.  As can 
be seen in the Cumulative Probability Chart, the relative covariance shape and orientation cause the probability to 
begin accumulating about 2000 seconds prior to TCA, then level off about 2000 seconds after TCA where a volume 
of low density is entered, then pick up again around 9500 seconds.  The slope in the Cumulative Probability Chart is 
very near zero at both ends of the time span, satisfying the requirement for comparing the various methods.  
Although the relative velocity is below the suggested adjoining cylinders threshold, those results are within 5% of 
the large Monte Carlo simulation result. 
 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.216602000 -0.40% Chernoff trials (1% error, 95% confidence) 3.92E+05
Monte Carlo (10e8) 0.217467140 0.00% Dagum trials (1% error, 95% confidence) 1.57E+04

Voxels (n=50) 0.221471977 1.84% Combined object radius (m) 15
Adjoining Cylinders (n=50) 0.214914675 -1.17% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.222322909 2.23% MC_e8 Fractional Probability 0.325188
Linear (Alfano n=50) 0.146749659 -32.52%
Linear (Patera n=50) 0.146749507 -32.52% Final Time From TCA (seconds +/-) 21600
Max Instantaneous (n=50) 0.097584783 -55.13% Final Sigma Limit 3000

Voxels (n=100) 0.217088649 -0.17% Maximum Time Step (seconds) 10
Adjoining Cylinders (n=100) 0.214759470 -1.25% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.222322904 2.23% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.146749549 -32.52%
Linear (Patera n=100) 0.146749497 -32.52% Relative Velocity at TCA (m/s)† 0.014142378
Max Instantaneous (n=100) 0.097552603 -55.14% Minimum Velocity needed (m/s) 0.146569121

† motion below threshold  
Table A1:  Case 1 Parameters and Results 
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Figure A1:  Case 1 Cumulative Probability over Time 
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Case 2 
 
This case involves nonlinear relative motion for two satellites in geosynchronous orbits (GEO) and is identical in 

motion and covariance to the previous one but with a smaller combined object radius; the mean miss distance at 
TCA is greater than the combined object radius.  This was done to showcase differences just due to object size 
variation.  There is over a 60% difference between the linear and Monte Carlo results.  Based on the Fractional 
Probability Threshold of 0.01 the relative velocity at TCA is about three times less than what would be needed to 
drive the difference between linear and nonlinear results below 1%.  Over six million Monte Carlo runs are needed 
for the results to be considered statistically significant.  As can be seen in the Cumulative Probability Chart, the 
relative covariance shape and orientation cause the probability to begin accumulating about 1000 seconds prior to 
TCA, then level off about 500 seconds after TCA where a volume of low density is entered, then pick up again 
around 11,000 seconds.  The slope in the Cumulative Probability Chart is very near zero at both ends of the time 
span, satisfying the requirement for comparing the various methods.  Although the relative velocity is below the 
suggested adjoining cylinders threshold, those results are within 5% of the large Monte Carlo simulation result. 

 
 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.015546000 -1.21% Chernoff trials (1% error, 95% confidence) 7.20E+07
Monte Carlo (10e8) 0.015736620 0.00% Dagum trials (1% error, 95% confidence) 6.52E+06

Voxels (n=50) 0.015823587 0.55% Combined Object Radius (m) 4
Adjoining Cylinders (n=50) 0.016399941 4.22% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.016294662 3.55% MC_e8 Fractional Probability 0.604600
Linear (Alfano n=50) 0.006222269 -60.46%
Linear (Patera n=50) 0.006222266 -60.46% Final Time From TCA (seconds +/-) 21600
Max Instantaneous (n=50) 0.006332181 -59.76% Final Sigma Limit 3000

Voxels (n=100) 0.015549311 -1.19% Maximum Time Step (seconds) 10
Adjoining Cylinders (n=100) 0.016399941 4.22% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.016291997 3.53% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.006222267 -60.46%
Linear (Patera n=100) 0.006222266 -60.46% Relative Velocity at TCA (m/s)† 0.01414238
Max Instantaneous (n=100) 0.006325098 -59.81% Minimum Velocity needed (m/s) 0.034561836

† motion below threshold  
Table A2:  Case 2 Parameters and Results 

 
 
 

Cumulative Probability

0

0.004

0.008

0.012

0.016

-21600 -17280 -12960 -8640 -4320 0 4320 8640 12960 17280 21600

Time from TCA (seconds)

Pr
ob

ab
ili

ty

 
Figure A2:  Case 2 Cumulative Probability over Time 
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Case 3 
 
This case involves linear relative motion for two satellites in geosynchronous orbits (GEO) where the mean miss 

distance at TCA is less than the combined object radius.  There is little difference between the linear and Monte 
Carlo results.  Based on the Fractional Probability Threshold of 0.01 the relative velocity at TCA is orders of 
magnitude greater than what would be needed to drive the difference between linear and nonlinear results above 1%.  
Almost one million Monte Carlo runs are needed for the results to be considered statistically significant.  As can be 
seen in the Cumulative Probability Chart, this brief encounter causes the probability to grow abruptly at TCA due to 
rapid traversal of the probability density space.  As expected for a linear encounter, the slope in the Cumulative 
Probability Chart is very near zero at both ends of the time span and satisfies the requirement for comparing the 
various methods. 
 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.100337000 -0.51% Chernoff trials (1% error, 95% confidence) 1.84E+06
Monte Carlo (10e8) 0.100846420 0.00% Dagum trials (1% error, 95% confidence) 9.54E+05

Voxels (n=50) 0.099791893 -1.05% Combined Object Radius (m) 15
Adjoining Cylinders (n=50) 0.100350598 -0.49% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.100367848 -0.47% MC_e8 Fractional Probability 0.004912
Linear (Alfano n=50) 0.100351871 -0.49%
Linear (Patera n=50) 0.100350890 -0.49% Final Time From TCA (seconds +/-) 21600
Max Instantaneous (n=50) 0.099791893 -1.05% Final Sigma Limit 3000

Voxels (n=100) 0.099778793 -1.06% Maximum Time Step (seconds) 10
Adjoining Cylinders (n=100) 0.100350471 -0.49% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.100340544 -0.50% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.100351176 -0.49%
Linear (Patera n=100) 0.100351018 -0.49% Relative Velocity at TCA (m/s) 16.0669226
Max Instantaneous (n=100) 0.099778793 -1.06% Minimum Velocity needed (m/s) 0.007774746  

Table A3:  Case 3 Parameters and Results 
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Figure A3:  Case 3 Cumulative Probability over Time 

 AAS 09-233      21



 C
as

e 
3 

At
 E

po
ch

 T
im

e

P
rim

ar
y 

O
bj

ec
t E

C
I p

os
iti

on
 (m

)

-3
35

52
76

0.
26

66
40

00
00

-2
37

27
88

6.
01

20
85

00
00

0.
00

00
00

00
00

P
rim

ar
y 

O
bj

ec
t E

C
I v

el
oc

ity
 (m

/s
)

-1
82

8.
96

54
65

96
53

25
34

.1
29

89
70

05
8

0.
00

00
00

00
00

P
rim

ar
y 

O
bj

ec
t E

C
I c

ov
ar

ia
nc

e 
(m

et
er

s 
& 

se
co

nd
s)

0.
05

71
24

70
04

66
57

40
00

00
00

-0
.0

23
72

71
92

35
93

76
00

00
00

0
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
-0

.0
23

72
71

92
35

93
76

00
00

00
0

0.
07

28
75

29
95

33
42

60
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
04

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

01
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

01
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

01
00

00
00

00
00

00
00

S
ec

on
da

ry
 O

bj
ec

t E
C

I p
os

iti
on

 (m
)

-3
31

61
70

7.
80

66
38

00
00

-2
40

56
60

2.
53

63
94

00
00

12
24

62
.5

30
57

35
30

0

S
ec

on
da

ry
 O

bj
ec

t E
C

I v
el

oc
ity

 (m
/s

)

-1
85

9.
41

97
01

20
53

25
23

.7
25

75
83

34
3

6.
91

96
06

38
41

S
ec

on
da

ry
 O

bj
ec

t E
C

I c
ov

ar
ia

nc
e 

(m
et

er
s 

& 
se

co
nd

s)

0.
05

75
92

11
24

92
16

60
00

00
00

-0
.0

23
87

71
63

08
00

80
00

00
00

0
-0

.0
00

06
54

66
92

70
36

92
90

00
0

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

-0
.0

23
87

71
63

08
00

80
00

00
00

0
0.

07
24

07
64

38
80

55
30

00
00

00
0.

00
00

88
85

59
85

53
94

61
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
-0

.0
00

06
54

66
92

70
36

92
90

00
0

0.
00

00
88

85
59

85
53

94
61

00
00

0.
04

00
00

24
36

27
28

10
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

01
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

01
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

01
00

00
00

00
00

00
00

 AAS 09-233      22



 AAS 09-233      23

C
as

e 
3 

At
 T

im
e 

of
 C

lo
se

st
 A

pp
ro

ac
h 

(T
C

A,
 2

80
80

0 
se

co
nd

s 
af

te
r e

po
ch

)

P
rim

ar
y 

O
bj

ec
t E

C
I p

os
iti

on
 (m

)

15
39

51
.4

75
26

31
00

0
41

87
41

53
.9

94
75

20
00

0
0.

00
00

00
00

00

P
rim

ar
y 

O
bj

ec
t E

C
I v

el
oc

ity
 (m

/s
)

30
66

.8
74

62
35

98
4

-1
1.

41
10

24
58

28
0.

00
00

00
00

00

P
rim

ar
y 

O
bj

ec
t E

C
I c

ov
ar

ia
nc

e 
(m

et
er

s 
& 

se
co

nd
s)

64
94

.0
68

76
99

93
60

00
00

00
00

00
0

-3
76

.2
17

42
93

86
22

00
00

00
00

00
0

0.
00

00
00

00
00

00
00

00
00

00
00

0.
01

59
83

50
90

29
73

90
00

00
00

-0
.4

94
26

13
96

78
14

00
00

00
00

0
0.

00
00

00
00

00
00

00
00

00
00

00
-3

76
.2

17
42

93
86

22
00

00
00

00
00

0
22

.5
68

63
72

18
84

10
00

00
00

00
0

0.
00

00
00

00
00

00
00

00
00

00
00

-0
.0

00
98

81
64

34
69

15
57

00
00

0
0.

02
85

75
49

45
54

25
90

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
1.

20
50

40
57

32
10

70
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
-0

.0
00

06
07

08
77

21
20

19
80

00
0

0.
01

59
83

50
90

29
73

90
00

00
00

-0
.0

00
98

81
64

34
69

15
57

00
00

0
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
04

43
43

51
66

92
37

80
-0

.0
00

00
12

11
78

08
28

32
02

00
0

0.
00

00
00

00
00

00
00

00
00

00
00

-0
.4

94
26

13
96

78
14

00
00

00
00

0
0.

02
85

75
49

45
54

25
90

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
-0

.0
00

00
12

11
78

08
28

32
02

00
0

0.
00

00
37

62
29

95
97

79
56

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

0.
00

00
00

00
00

00
00

00
00

00
00

-0
.0

00
06

07
08

77
21

20
19

80
00

0
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

00
00

00
00

00
00

00
0.

00
00

00
00

33
90

38
79

28
14

80

S
ec

on
da

ry
 O

bj
ec

t E
C

I p
os

iti
on

 (m
)

15
39

51
.9

73
27

39
70

0
41

87
41

56
.7

44
62

50
00

0
2.

75
20

74
32

70

S
ec

on
da

ry
 O

bj
ec

t E
C

I v
el

oc
ity

 (m
/s

)

30
66

.8
64

62
33

94
8

-0
.0

44
99

85
91

7
-1

1.
35

60
27

21
15

S
ec

on
da

ry
 O

bj
ec

t E
C

I c
ov

ar
ia

nc
e 

(m
et

er
s 

& 
se

co
nd

s)

65
39

.7
15

94
76

88
60

00
00

00
00

00
0

-3
54

.4
82

76
22

70
80

00
00

00
00

00
0

-2
4.

21
58

33
92

68
50

00
00

00
00

00
0.

01
61

36
44

07
93

02
40

00
00

00
-0

.4
97

56
75

31
34

34
40

00
00

00
0

-0
.0

00
06

67
80

55
05

72
80

00
00

0
-3

54
.4

82
76

22
70

80
00

00
00

00
00

0
19

.9
87

68
41

61
34

90
00

00
00

00
0

1.
31

28
40

73
17

00
10

00
00

00
00

-0
.0

00
93

66
29

99
87

87
21

00
00

0
0.

02
69

11
71

00
21

04
50

00
00

00
0.

00
00

03
83

71
25

53
72

18
80

00
-2

4.
21

58
33

92
68

50
00

00
00

00
00

1.
31

28
40

73
17

00
10

00
00

00
00

1.
26

74
95

56
58

29
20

00
00

00
00

-0
.0

00
05

99
87

00
75

27
25

60
00

0
0.

00
18

42
76

85
47

89
09

00
00

00
-0

.0
00

06
02

39
19

13
48

91
30

00
0

0.
01

61
36

44
07

93
02

40
00

00
00

-0
.0

00
93

66
29

99
87

87
21

00
00

0
-0

.0
00

05
99

87
00

75
27

25
60

00
0

0.
00

00
00

04
47

83
63

41
84

19
90

-0
.0

00
00

12
22

98
71

22
73

54
00

0
-0

.0
00

00
00

00
16

97
95

46
17

52
8

-0
.4

97
56

75
31

34
34

40
00

00
00

0
0.

02
69

11
71

00
21

04
50

00
00

00
0.

00
18

42
76

85
47

89
09

00
00

00
-0

.0
00

00
12

22
98

71
22

73
54

00
0

0.
00

00
37

86
19

09
90

92
41

00
00

0.
00

00
00

00
50

46
36

85
34

91
91

-0
.0

00
06

67
80

55
05

72
80

00
00

0
0.

00
00

03
83

71
25

53
72

18
80

00
-0

.0
00

06
02

39
19

13
48

91
30

00
0

-0
.0

00
00

00
00

16
97

95
46

17
52

8
0.

00
00

00
00

50
46

36
85

34
91

91
0.

00
00

00
00

34
46

59
81

69
16

75



Case 4 
 
This case involves nonlinear relative motion for two satellites in geosynchronous orbits (GEO) where the mean 

miss distance at TCA is greater than the combined object radius.  There is over a 30% difference between the linear 
and Monte Carlo results.  Based on the Fractional Probability Threshold of 0.01 the relative velocity at TCA is 
roughly half what would be needed to drive the difference between linear and nonlinear results below 1%.  Over one 
million Monte Carlo runs are needed for the results to be considered statistically significant.  As can be seen in the 
Cumulative Probability Chart, the relative covariance shape and orientation cause the probability to begin 
accumulating about 3000 seconds after TCA then level off about 11,000 seconds.  The slope in the Cumulative 
Probability Chart is very near zero at both ends of the time span, satisfying the requirement for comparing the 
various methods.  This example demonstrates that probability does not always accumulate around the time of closest 
approach due to certain combinations of relative motion and covariance shape.  It also shows how the gaps and 
overlaps in the adjoining right cylinders can cause large errors and how those errors are reduced by the 
Parallelepiped and Voxel methods.  This indicates that the adjoining cylinder method may result in greater than 5% 
error when the relative velocity is below 0.05 m/s.   
 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.078974000 8.05% Chernoff trials (1% error, 95% confidence) 2.96E+06
Monte Carlo (10e8) 0.073089530 0.00% Dagum trials (1% error, 95% confidence) 1.24E+06

Voxels (n=50) 0.072577999 -0.70% Combined Object Radius (m) 15
Adjoining Cylinders (n=50) 0.024146760 -66.96% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.071779248 -1.79% MC_e8 Fractional Probability 0.318272
Linear (Alfano n=50) 0.049354780 -32.47%
Linear (Patera n=50) 0.049800817 -31.86% Final Time From TCA (seconds +/-) 21600
Max Instantaneous (n=50) 0.034202499 -53.20% Final Sigma Limit 3000

Voxels (n=100) 0.073900169 1.11% Maximum Time Step (seconds) 10
Adjoining Cylinders (n=100) 0.024149456 -66.96% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.071653864 -1.96%
Linear (Alfano n=100) 0.049323406 -32.52% Incremental angle limit (degrees) 1
Linear (Patera n=100) 0.049827212 -31.83% Relative Velocity at TCA (m/s)† 0.01903342
Max Instantaneous (n=100) 0.034196773 -53.21% Minimum Velocity needed (m/s) 0.03473549

† motion below threshold  
Table A4:  Case 4 Parameters and Results 
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Figure A4:  Case 4 Cumulative Probability over Time 
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Case 5 
 
This case involves linear relative motion for two satellites in low earth orbits (LEO) where the mean miss 

distance at TCA is less than the combined object radius.  Because the combined object footprint spans more than 
one-tenth sigma in the probability density space, Patera’s algorithm recommends 360 circumferential divisions for 
this case.  Doing so greatly improves the accuracy of his method as seen in the linear and adjoining cylinder results 
for n=360.  Also, the result of any method should never be less than the maximum instantaneous probability.  If so, 
then this is an indicator that an assumption has been violated or a limit exceeded as is apparent from the linear result 
for n=50.  Based on the Fractional Probability Threshold of 0.01 the relative velocity at TCA is about three times 
greater than what would be needed to drive the difference between linear and nonlinear results above 1%.  Over two 
million Monte Carlo runs are needed for the results to be considered statistically significant.  As can be seen in the 
Cumulative Probability Chart, this brief encounter causes the probability to quickly grow just prior to TCA with the 
combined object traversing a significant portion of the probability density space in about 20 seconds.  As expected 
for a linear relative motion encounter, the slope in the Cumulative Probability Chart is very near zero at both ends of 
the time span and satisfies the requirement for comparing the various methods. 
 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.044336000 -0.37% Chernoff trials (1% error, 95% confidence) 9.53E+06
Monte Carlo (10e8) 0.044498913 0.00% Dagum trials (1% error, 95% confidence) 2.30E+06

Voxels (n=50) 0.044556938 0.13% Combined Object Radius (m) 10
Adjoining Cylinders (n=50)** 0.052917447 18.92% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.044658117 0.36% MC_e8 Fractional Probability 0.003471
Linear (Alfano n=50) 0.044547269 0.11%
Linear (Patera n=50)** 0.036571416 -17.82% Final Time From TCA (seconds +/-) 1419
Max Instantaneous (n=50) 0.044547107 0.11% Final Sigma Limit 3000

Voxels (n=100) 0.044487846 -0.02% Maximum Time Step (seconds) 1
Adjoining Cylinders (n=100)** 0.044853439 0.80% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.044473748 -0.06% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.044487386 -0.03%
Linear (Patera n=100)** 0.044653357 0.35% Relative Velocity at TCA (m/s) 0.51962236
Max Instantaneous (n=100) 0.044443994 -0.12% Minimum Velocity needed (m/s) 0.14490341

**Patera recommends n=360
Linear (Patera n=360) 0.044492344 -0.01%
Adjoining Cylinders (n=360) 0.044694997 0.44%  

Table A5:  Case 5 Parameters and Results 
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Figure A5:  Case 5 Cumulative Probability over Time 
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Case 6 
 
This case approaches the boundary of linear relative motion for two satellites in low earth orbits (LEO) where 

the mean miss distance at TCA is less than the combined object radius.  Based on the Fractional Probability 
Threshold of 0.01 the relative velocity at TCA is less than 1.5% above what would be needed to drive the difference 
between linear and nonlinear results above 1%.  About 25 million Monte Carlo runs are needed for the results to be 
considered statistically significant.  The Cumulative Probability Chart shows the probability growing over a span of 
about 100 seconds very near TCA.  The slope at both ends of Cumulative Probability Chart is zero thereby 
satisfying the requirement for comparing the various methods. 
 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.004447000 3.41% Chernoff trials (1% error, 95% confidence) 9.98E+08
Monte Carlo (10e8) 0.004300500 0.00% Dagum trials (1% error, 95% confidence) 2.45E+07

Voxels (n=50) 0.004349564 1.14% Combined Object Radius (m) 10
Adjoining Cylinders (n=50) 0.004265579 -0.81% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.004336181 0.83% MC_e8 Fractional Probability 0.008128
Linear (Alfano n=50) 0.004335448 0.81%
Linear (Patera n=50) 0.004335454 0.81% Final Time From TCA (seconds +/-) 1419
Max Instantaneous (n=50) 0.004187935 -2.62% Final Sigma Limit 3000

Voxels (n=100) 0.004335323 0.81% Maximum Time Step (seconds) 1
Adjoining Cylinders (n=100) 0.004265579 -0.81% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.004333643 0.77% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.004335455 0.81%
Linear (Patera n=100) 0.004335454 0.81% Relative Velocity at TCA (m/s) 0.17322654
Max Instantaneous (n=100) 0.004186446 -2.65% Minimum Velocity needed (m/s) 0.17114378  

Table A6:  Case 6 Parameters and Results 
 
 

Cumulative Probability
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Figure A6:  Case 6 Cumulative Probability over Time 
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Case 7 
 
This case involves nonlinear relative motion for two satellites in low earth orbits (LEO) where the mean miss 

distance at TCA is less than the combined object radius and the cumulative probability is less than 0.001.  This was 
done to test the methods at a lower probability that would require a much greater number of Monte Carlo 
simulations.  At least 662 million Monte Carlo runs are needed for the results to be considered statistically 
significant.  If one is willing to accept a 5% percent error with 95% confidence then 27 million Monte Carlo runs 
will suffice.  Based on the Fractional Probability Threshold of 0.01 the relative velocity at TCA is about nine times 
smaller than what would be needed to drive the difference between linear and nonlinear results below 1%.  The 
Cumulative Probability Chart shows the probability growing over a span of about 300 seconds around TCA.  The 
slope at both ends of Cumulative Probability Chart is zero thereby satisfying the requirement for comparing the 
various methods. 

 
 

Method Conj Prob diff wrt MC_e9 Other Data Values

Monte Carlo (10e6) 0.000151000 -6.48% Chernoff trials (1% error, 95% confidence) 7.21E+11
Monte Carlo (10e9) 0.000161462 0.00% Dagum trials (1% error, 95% confidence) 6.62E+08

Voxels (n=50) 0.000164414 1.83% Combined Object Radius (m) 10
Adjoining Cylinders (n=50) 0.000161677 0.13% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.000161761 0.18% MC_e8 Fractional Probability 0.020534
Linear (Alfano n=50) 0.000158147 -2.05%
Linear (Patera n=50) 0.000158146 -2.05% Final Time From TCA (seconds +/-) 1419
Max Instantaneous (n=50) 0.000088052 -45.47% Final Sigma Limit 3000

Voxels (n=100) 0.000161719 0.16% Maximum Time Step (seconds) 1
Adjoining Cylinders (n=100) 0.000161677 0.13% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.000161701 0.15% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.000158147 -2.05%
Linear (Patera n=100) 0.000158146 -2.05% Relative Velocity at TCA (m/s) 0.19628974
Max Instantaneous (n=100) 0.000088002 -45.50% Minimum Velocity needed (m/s) 1.73630872  

Table A7:  Case 7 Parameters and Results 
 
 

Cumulative Probability
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Figure A7:  Case 7 Cumulative Probability over Time 
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Case 8 
 
This case involves nonlinear relative motion for two satellites in mid-earth orbits (MEO) where the mean miss 

distance at TCA is less than the combined object radius.  This is an especially stressing case due a tight turn in the 
relative trajectory coupled with very low relative velocity.  The relative velocity is below the recommended 
threshold for the adjoining cylinders and parallelepipeds but not for the voxels.  The gaps and overlaps in the 
probability space are significant enough to diminish the results of the adjoining cylinders method by almost 16%, 
leading to a cumulative probability that is below the maximum instantaneous probability.  The parallelepiped 
method experiences smaller gaps and overlaps resulting in less than 5% difference.  The voxel method is best able to 
handle the turn and produces results that are within 1% of the Monte Carlo results.  Over 3 million Monte Carlo runs 
are needed for the results to be considered statistically significant.  Based on the Fractional Probability Threshold of 
0.01 the relative velocity at TCA is about two orders of magnitude below what would be needed to drive the 
difference between linear and nonlinear results below 1%.  The Cumulative Probability Chart shows the probability 
growing over a span of about 10,000 seconds with much of the accumulation occurring prior to TCA.  The slope at 
both ends of Cumulative Probability Chart is zero thereby satisfying the requirement for comparing the various 
methods. 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.033806000 -4.11% Chernoff trials (1% error, 95% confidence) 1.70E+07
Monte Carlo (10e8) 0.035256080 0.00% Dagum trials (1% error, 95% confidence) 3.11E+06

Voxels (n=50) 0.034984976 -0.77% Combined Object Radius (m) 4
Adjoining Cylinders (n=50) * 0.029623874 -15.98% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.033625371 -4.63% MC_e8 Fractional Probability 0.047989
Linear (Alfano n=50) 0.036948070 4.80%
Linear (Patera n=50) 0.036947992 4.80% Final Time From TCA (seconds +/-) 10135
Max Instantaneous (n=50) 0.032324594 -8.31% Final Sigma Limit 3000

Voxels (n=100) 0.035133761 -0.35% Maximum Time Step (seconds) 5
Adjoining Cylinders (n=100) * 0.029623874 -15.98% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.033628687 -4.62% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.036948008 4.80%
Linear (Patera n=100) 0.036947992 4.80% Relative Velocity at TCA (m/s)† 0.000898468
Max Instantaneous (n=100) 0.032313871 -8.35% Minimum Velocity needed (m/s) 0.098259791

* Prob < max instantaneous † motion below threshold  
Table A8:  Case 8 Parameters and Results 
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Figure A8:  Case 8 Cumulative Probability over Time 
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Case 9 
 
This case involves nonlinear relative motion for two satellites in highly-eccentric orbits (HEO) where the mean 

miss distance at TCA is greater than the combined object radius.  This is a very stressing case due a tight turns in the 
relative trajectory coupled with low relative velocity.  The relative velocity is below the recommended threshold for 
the adjoining cylinders and parallelepipeds but not for the voxels.  Lack of agreement among the methods is to be 
expected because the slope of the cumulative probability curve is not near zero at the start of the time span.  As a 
point of reference, the instantaneous probability at -10,800 seconds is 0.08419863.  The cumulative probability 
(solid line in Figure A9) slope reaches zero near TCA with an instantaneous probability of 0.26952839 (dashed 
line).  From TCA to the end of the time span the instantaneous probability slowly decreases to zero with no change 
in cumulative probability.  This result is best understood by examining the probability density space.  At TCA the 
combined object contains enough volume in the space to produce an instantaneous probability of 0.26952839 but 
nearly all that volume was already included in the cumulative calculations.  As time progresses the combined object 
volume that was in a region of greater probability density is slowly replaced by volume of far less density, thus 
causing a decrease in instantaneous probability with insignificant contributions to the cumulative probability.  This 
demonstrates that zero change in cumulative probability does not necessarily imply zero instantaneous probability. 

 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.356134000 -2.46% Chernoff trials (1% error, 95% confidence) 1.35E+05
Monte Carlo (10e8) 0.365116060 0.00% Dagum trials (1% error, 95% confidence) 1.80E+05

Voxels (n=50) 0.353811828 -3.10% Combined Object Radius (m) 6
Adjoining Cylinders (n=50) 0.876788347 140.14% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.397275153 8.81% MC_e8 Fractional Probability 0.205255
Linear (Alfano n=50) 0.290078457 -20.55%
Linear (Patera n=50) 0.290174621 -20.53% Final Time From TCA (seconds +/-) 10800
Max Instantaneous (n=50) 0.281127866 -23.00% Final Sigma Limit 3000

Voxels (n=100) 0.366169395 0.29% Maximum Time Step (seconds) 5
Adjoining Cylinders (n=100) 0.876663914 140.11% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.397222796 8.79% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.290146291 -20.53%
Linear (Patera n=100) 0.290174266 -20.53% Relative Velocity at TCA (m/s)† 0.00207874
Max Instantaneous (n=100) 0.281165135 -22.99% Minimum Velocity needed (m/s) 0.00897895

† motion below threshold  
Table A9:  Case 9 Parameters and Results 
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Figure A9:  Case 9 Cumulative & Instantaneous Probability over Time 
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Case 10 
 
This case involves nonlinear relative motion for two satellites in highly-eccentric orbits (HEO) and is identical to 

the previous case, but with a longer time span.  Because of the increased time span, the slope at both ends of 
Cumulative Probability Chart is zero.  Although the zero-slope requirement is necessary for comparison, it is not 
sufficient for the adjoining cylinders and parallelepipeds methods because the relative velocity is below their 
recommended threshold.  The gaps and overlaps in the probability space are significant enough to skew the results 
of the adjoining cylinders method by 140%, leading to a greatly inflated cumulative probability.  The parallelepiped 
method experiences smaller gaps and overlaps resulting in about 10% inflation.  The voxel method is best able to 
model the collision tube and produces results that are within 1% of the Monte Carlo results.  Over 192,000 Monte 
Carlo runs are needed for the results to be considered statistically significant.  Based on the Fractional Probability 
Threshold of 0.01 the relative velocity at TCA is about four times less than what would be needed to drive the 
difference between linear and nonlinear results below 1%.   

 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.366415000 0.95% Chernoff trials (1% error, 95% confidence) 1.46E+05
Monte Carlo (10e8) 0.362952470 0.00% Dagum trials (1% error, 95% confidence) 1.92E+05

Voxels (n=50) 0.353811828 -2.52% Combined Object Radius (m) 6
Adjoining Cylinders (n=50) 0.876787282 141.57% Fractional Probability Threshold 0.01
Parallelepipeds (n=50) 0.402542132 10.91% MC_e8 Fractional Probability 0.200517
Linear (Alfano n=50) 0.290078457 -20.08%
Linear (Patera n=50) 0.290174621 -20.05% Final Time From TCA (seconds +/-) 21600
Max Instantaneous (n=50) 0.281127866 -22.54% Final Sigma Limit 3000

Voxels (n=100) 0.366169395 0.89% Maximum Time Step (seconds) 5
Adjoining Cylinders (n=100) 0.876663914 141.54% Incremental Sigma Limit 1
Parallelepipeds (n=100) 0.402447674 10.88% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.290146291 -20.06%
Linear (Patera n=100) 0.290174266 -20.05% Relative Velocity at TCA (m/s)† 0.00207874
Max Instantaneous (n=100) 0.281165135 -22.53% Minimum Velocity needed (m/s) 0.00897895

† motion below threshold  
Table A10:  Case 10 Parameters and Results 
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Figure A10:  Case 10 Cumulative Probability over Time 
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Case 11 
 
This case examines a Low-Earth Orbit (LEO) leader-follower formation where both satellites fly the same orbital 

path and are separated only by mean anomaly.  The mean miss distance is greater than the combined object radius.  
Because two-body motion is modeled, the formation does not drift and there is no definitive Time of Closest 
Approach; TCA was arbitrarily set to one day after epoch.  Although there is no relative motion in Cartesian space 
there is motion in the probability density space.  The cumulative probability grows with time because the covariance 
grows; this causes the combined object to occupy different volume over time in the probability density space.  The 
zero-slope requirement and minimum relative velocity requirement are both violated, as is the maximum 
instantaneous probability test.  Although results for all methods are shown, none are valid for comparison.  The 
relative motion is not sufficient for the adjoining cylinders or parallelepipeds to adequately represent the path 
through the probability density space; this leads to near-zero cumulative probability which is obviously below the 
maximum instantaneous probability.  Approximately 32 million Monte Carlo runs are needed for the results to be 
considered statistically significant.   

 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.003400000 2.15% Chernoff trials (1% error, 95% confidence) 1.69E+09
Monte Carlo (10e8) 0.003328530 0.00% Dagum trials (1% error, 95% confidence) 3.20E+07

Voxels (n=50) 0.004015296 20.63% Combined Object Radius (m) 4
Adjoining Cylinders (n=50) * 0.000000000 -100.00% Fractional Probability Threshold 0.01
Parallelepipeds (n=50)* 0.000000000 -100.00% MC_e8 Fractional Probability 0.197233
Linear (Alfano n=50) 0.002671975 -19.73%
Linear (Patera n=50) 0.002672034 -19.72% Final Time From TCA (seconds +/-) 1420
Max Instantaneous (n=50) 0.001922810 -42.23% Final Sigma Limit 3000

Voxels (n=100) 0.003847279 15.58% Maximum Time Step (seconds) 3
Adjoining Cylinders (n=100) * 0.000000070 -100.00% Incremental Sigma Limit 1
Parallelepipeds (n=100)* 0.000154609 -95.36% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.002672026 -19.72%
Linear (Patera n=100) 0.002672034 -19.72% Relative Velocity at TCA (m/s)† 0
Max Instantaneous (n=100) 0.001921132 -42.28% Minimum Velocity needed (m/s) 0.298244307

* Prob < max instantaneous value † motion below threshold  
Table A11:  Case 11 Parameters and Results 
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Figure A11:  Case 11 Cumulative Probability over Time 
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Case 12 
 
This case examines two satellites co-located in identical Low-Earth Orbits (LEO).  There is no drift between 

them and there is no definitive Time of Closest Approach; TCA was arbitrarily set to one day after epoch.  There is 
no relative motion in Cartesian space and no motion of the combined object center in the probability density space.  
The cumulative probability grows with time because the covariance changes; this causes the combined object to 
occupy different volume over time in the probability density space.  As with the leader-follower formation test case, 
the zero-slope requirement and minimum relative velocity requirement are both violated.  There is no relative 
motion in the probability density space so the adjoining cylinders and parallelepipeds have no length and produce 
zero cumulative probability thereby failing the maximum instantaneous probability test.  Although results for all 
methods are shown, none are valid for comparison.  Approximately 42 million Monte Carlo runs are needed for the 
results to be considered statistically significant.   

 
 

Method Conj Prob diff wrt MC_e8 Other Data Values

Monte Carlo (10e6) 0.002550000 -0.23% Chernoff trials (1% error, 95% confidence) 2.84E+09
Monte Carlo (10e8) 0.002555950 0.00% Dagum trials (1% error, 95% confidence) 4.15E+07

Voxels (n=50) 0.003656683 43.07% Combined Object Radius (m) 4
Adjoining Cylinders (n=50) * 0.000000000 -100.00% Fractional Probability Threshold 0.01
Parallelepipeds (n=50)* 0.000000000 -100.00% MC_e8 Fractional Probability 0.249795
Linear (Alfano n=50) 0.001917488 -24.98%
Linear (Patera n=50) 0.001917487 -24.98% Final Time From TCA (seconds +/-) 1420
Max Instantaneous (n=50) 0.001934168 -24.33% Final Sigma Limit 3000

Voxels (n=100) 0.003079178 20.47% Maximum Time Step (seconds) 3
Adjoining Cylinders (n=100) * 0.000000000 -100.00% Incremental Sigma Limit 1
Parallelepipeds (n=100)* 0.000000000 -100.00% Incremental angle limit (degrees) 1
Linear (Alfano n=100) 0.001917487 -24.98%
Linear (Patera n=100) 0.001917487 -24.98% Relative Velocity at TCA (m/s)† 0
Max Instantaneous (n=100) 0.001932488 -24.39% Minimum Velocity needed (m/s) 0.087688497

* Prob < max instantaneous value † motion below threshold  
Table A12:  Case 12 Parameters and Results 
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Figure A12:  Case 12 Cumulative Probability over Time 
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